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Abstract 

We effectively sew two vertices with ghosts in order to obtain a third, composite vertex in the most 
general case of cycling transformations. In order to do this, we separate the vertices into two parts: a 
bosonic oscillator part and a ghost oscillator part and write them as canonical forms. 

PACS number: 11.25 
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1 Introduction 

Sewing of vertices in order to build larger ones is a technique that has been used since the early days of String 
Theory. In [|J, it has been shown how to use the Group Theoretic approach to String Theory in order 
to perform the sewing of two string vertices taking into account their ghost structure. Here we shall perform 
the sewing of two vertices with ghosts using another procedure, writing the two original vertices in terms of 
canonical forms (see the appendix) and then performing the sewing explicitly. This method has been used in 
H and @ in order to build multiloop string amplitudes for the bosonic string. This is done in order to check 
the result obtained in M and also to present an example of the use of canonical forms in the sewing of vertices. 

The sewing procedure consists on taking two distinct vertices U\ and Jj\i the first with N\ strings and the 
second with N2 strings, and choosing one string from each vertex to be sewn together. We shall be choosing 
leg E from vertex U\ and leg F from vertex C/ 2 . The sewn legs give rise to what we call propagator V . This 
procedure is well explained in || and Q . 

In order to perform the sewing, we shall divide the so called physical vertex || of an open bosonic string 
into a bosonic and a fermionic part. This is the vertex that has the correct number of ghosts. It can be written 
as 





( N \ 




u = 


ru°i 


exp 




i=i 

We J 





JVi 00 



~ E E < D nm (TVr l V 3 



i,j=l n,m=0 



exp 



N 00 00 

E E E <i E n m (rvrWj) v m 

i,j=\ n=2m=-l 



1 N 1 N N 00 

x II E E E rs(vM x n E E « , 



(1) 



r=— 1 j=l s=— 1 



i=l j=ln=— 1 
ij^a,b,c 



where are bosonic oscillators, and b l n and c l n are ghost oscillators. The matrices D nm {^) and E nm {pj) depend 
on the cyclings and are given by M M 
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These matrices have the following multiplication properties: 
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The last term of equation (|l|) is the product of iV — 3 ghost oscillators b % n (N legs minus arbitrary legs a, b and 
c) and is necessary for the vertex to have the correct ghost number. The coefficients ejf are given by [|| 
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where £^ are the generators of the bosonic and ghost parts of the conformal algebra. 

2 Bosonic oscillator part 

Now we shall perform the sewing for the bosonic part of the vertex. The bosonic part of vertex U\ is given by 
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Isolating all terms related to leg E, we have the following formula for the modified vertex V° sc : 
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This may be written in terms of a canonical form (see the Appendix) ||: 
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1 The minus sign in the expression for the Hermitian conjugate is because of the minus sign in the commutation relation of the 
a(J ! oscillators: 
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The oscillator part of the propagator is purely a conformal transformation || : 

V a&c = V E l V F T . 

Using the properties of coherent states (see the Appendix), we may represent this as 
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Using now the multiplication rule for two canonical forms (as in the Appendix), we obtain 



iVi 



\ 



n,m=l 



J] i(0| e(0\ ewl-Y a E J n A^ x : exp <| - £ af n 

i=l I V n=l / 

We ) 

eX P f - £ Bi n a n» I exp(-0 4 ) 



n=l 



with 



A 



-D n0 (v^VeT 

of (V£ l V F T) + E E E < D mv (^Vr l V E ) D pn (V£ l V F T 



Ni oo oo 



i=l m=0 p=l 



r 1 



-D nm {y E l v F v) , 

-. ATi oo 

-EE a%D nm (YVr% 



i,j=l n,m=Q 

i,j¥=E 
TVi oo 



+ E E < D no (tV^Ve) < + a^Doo (v^r) a, 

i=l n =0 

iVi oo oo 

+ E E E < D nm (rVr l V E ) D n0 (y^VpT) al . 

i=l n=On=l 
i^E 



E 
0/i 



Because of the vacuum e(0|, the first two exponentials do not give any contribution, and so we end up with 
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Now we make use of property @ of the D nm {^) matrices in order to simplify the expressions for the 
coefficients of V° sc V osc . We then have 
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which is implied by momentum conservation on vertex V° sc , we have the following coefficients for V° sc Vo 
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So, the effect of multiplying V^ 080 by Pose is just to change the cycling transformations in vertex V° sc in the 
following way: 
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Now we multiply V° sc V osc by V^ osc ^, obtaining the composite vertex 
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Using the multiplication properties (||) of the D nm (^) matrices, we get 
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Considering now the identification of legs E and F and the momentum conservation for vertices V° sc and , 
this becomes simply 
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Because of the two vacua e(0\ and \0)f, the terms A nfJi and f?^ will not give any contribution and we will 
end up just with the contribution of the phase <j>. So we have that 
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which is the right expression for the composite vertex V^, osc . 
2.1 Ghost part 

We will now consider the ghost part of the vertex. The ghost part of a physical vertex U with N legs is given 
by 
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Making use of the integral of some anticommuting variables ft (r = —1,0, 1) and rf {% = 1, . 
the ghost part of this vertex can be written 
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The ghost part of vertex U\ can be written in a similar way. Isolating all terms related with leg E, we 
obtain 
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This may be written in terms of a canonical form 2 Q: 
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Similarly, the physical ghost vertex = C^t/g can be obtained by making the transformations 
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where some terms obtained by following the procedure described above have been annihilated by the Hermitian 
conjugate vacuum \0) F - 

This vertex can be written as 
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Being a conformal transformation, can be written in terms of the following canonical form 
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and some of the terms have been annihilated by the vacuum b(0|. In the expressions above, we have used 
multiplication properties (|7r[To|) of matrices E nm (^). 

The combination of the second and fourth terms in the expression above yields 
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So the effect of inserting the propagator into U\G is to make the following change: 
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what was expected considering the bosonic oscillator case. 

Now we multiply Uf^Vgh by in order to obtain the composite vertex f/f h . The only remaining term 
which is not annihilated by the two vacua associated to legs E and F is the resulting phase (ft, so that the result 
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where we have set some terms to zero using property (||) and the overlap identities for vertices Uf h and ■ 
Performing the integrations of the anticommuting variables introduced before, we then obtain 
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This expression for the composite vertex matches exactly the one obtained using the overlap identities [|J. 

3 Conclusions 

Using explicit sewing techniques, we have sewn two vertices together in order to become a composite vertex. 
The calculations have been done with the correct ghost numbers for each vertex and the result has both BRST 
invariance and the correct ghost counting. It verifies the results obtained using overlap identities and the Group 
Theoretic method for String Theory. 
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A Coherent states and canonical forms 

In this appendix we present the concepts of coherent states and canonical forms for bosonic and ghost oscillators 



A.l Coherent states 

Given operators a n with commutation relations 
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3) (f\g) = ; 

4) x naia \f) = \x n f) ; 
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• | fl j f"2 j ■ ■ ■ > fn j • • •) — I ^ ] Clm fm i fm ? • • • j C nm f m , . . . ) 



n=l 



n,m=l 

Symbolically, we can write this property as 

:e at(C-l)a :|/) = |c/) 

Application: since x ata |/) = \xf) and : e at ( :r_1 ) a : |/) = \xf), we have 



x ^a _. e at(x-l)a . 



(90) 
(91) 



when applied to coherent states. 



A. 2 Canonical forms 



There will be two definitions here for canonical forms. In terms of bosonic oscillators || a n , [a n ,a m ] = 5 n - m , 
a canonical form O is any operator which can be written as 



O = exp I - ^ a- n A n : exp 



71=1 



n,m=l 



■ exp - ^ 5 n a n e" 



(92) 



71=1 



where 0, ^4 n and -B n do not depend on a n or a_ n . The product of two canonical forms 0\ and 02 is again a 
canonical form O with 



4 - 4 1 + V r 1 a 2 

m=l 

00 

B n = B n + B m C mn , 



771=1 



(93) 
(94) 
(95) 

= <f>l + </>2 + E 5 n^n • (96) 

71=1 

In terms of the ghost oscillators 0], a canonical form C can be defined as any operator that can be written as 

/ 00 \ / 00 x 

C = e* exp E A n b_ n exp ^ B n c_ n 



r _ r l r 2 
^nm — Kj np Kj 'pm ) 

p=l 



\n=2 



.7l=-l 



x : exp 



^ ' C— n (B nm $nm) t>n 



n,m=—l 



00 1 



ex P X] c nG nT b r 



, n=2 r=-l 



x exp 



^ ' fr— n (-^nm $nm) C-r\ 
n,m=2 



■ exp ( E C n 6 n J exp I ^ D 



(97) 



,Ti=-l 



\n=2 
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Again, the product of two canonical forms C\ and C2 will be a canonical form C with coefficients 

00 00 00 1 



4> = 01 + 02 " E " E + E E ^ G l 5 r , (98) 

n=— 1 n=2 n=2r=-l 

°° T 

A,j = A n + A m F mn , (99) 

n=2 

oo 

B n = si + e B Mm T , ( 10 °) 

n=— 1 

oo 

E nm = E E np E pm i ( 101 ) 
p=-l 

oo 

•Pnm = E] E npFpm j (102) 
p=2 

oo 1 

Cnr = G nr + E E E nm^ms E sr > (103) 
m=2 s=— 1 
oo 1 oo 

C n = C n — E] E/ A m G mr E rn + E] C m E mn , (104) 

m=2r=-l m=— 1 

oo 1 oo 

A* = ^ + E E F nm G lnr B r + E D l F L ■ (105) 
m=2 r=-l m=2 



where means the transpose matrix of A. 
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